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FAR-FIELD S-WAVE SPECTRA, CORNER FREQUENCIES, AND PULSE SHAPES 
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Abstract. Recent results concerning the 
relationship of S-wave far-field corner 
frequencies to stress drop are discussed. It 
is suggested that the corner frequency as picked 
by Madariaga [1977] from his theoretical spectra 
is not consistent with the way in which corner 
frequencies were picked by Tucker and Brune 
[1973, 1977]. When the difference is taken 
into account, the stress drops inferred from the 
Madariaga relationship and his method of picking 
corner frequeficies are roughly the same as 

distributions and surface breaks will require 
more experimental and theoretical work. We 
need reliable near-field recordings at a large 
number of observation points on the focal sphere 
of earthquakes to obtain accurate information 
about source parameters such as dimension, rup- 
ture velocity, and stress drop. For comparison 
with theory, we need to examine more fault 
models to determine the effects of stress drop, 
friction, and rupture velocity on spectra and 
pulse shapes. In this paper we present some 

inferred using the Brune [1970, 1971] relationship further discussion of the experimental digital 
and the Tucker and Brune method of picking corner 
frequencies (for those relatively few 
experimental spectra which are similar in shape 
to the Madariaga theoretical spectra). Far-field 
spectra for a number of new finite element 
models of fault ruptures in a half-space are 
presented, and for these data, new values for 
the relationship between source dimension and 
corner frequency are obtained. Fault models 
used include semicircular faults with rupture 
initiation at the surface and at depth and 
rectangular faults with unilateral and bilateral 
rupture propagation. The results indicate that 
there is a considerable variation in corner 

frequency with respect to type of rupture and 
position around the rupture. Because of the 
variation it is not possible to conclude, 
without more calculations, what the best average 
relationship between corner frequency and source 
dimension is; however, a value of K about 1/3 is 

reasonable where K = fcr/B (fc = corner 
frequency, r = radius, and • = shear wave 
velocity). Dahlen [1974] speculated that the 
corner frequencies picked experimentally could 
be significantly altered by scattering. For 
the San Fernando aftershocks, it is possible to 
make a case that this is not so. Many of the 
San Fernando aftershocks show very sim•le pulse 
shapes, with a pulse duration consistent with the 
spectral corner frequency and little later 
arriving energy - a direct indication that 
scattering is not radically affecting the results. 

Introduction 

Studies of far-field spectra and pulse shapes 
of earthquakes offer the possibility of 
estimating the level and variability of tec- 
tonic stress. This possibility is especially 
attractive if small earthquakes can be used, 
since they occur so frequently. However, testing 
the reliability and usefulness of such studies 
and comparing the results with results obtained 
from larger earthquakes using aftershock 

data obtained from aftershocks of the San 

Fernando earthquake and the theoretical data 
obtained from finite element numerical models 

of earthquake rupture. 

San Fernando Aftershock Data 

The main experimental data discussed in this 
paper is the data obtained by Tucker and Brune 
[1973, 1977] from aftershocks of the San 
Fernando earthquake. In'those studies, high- 
dynamic range, broadband digital data were used 
to determine near source earthquake spectra. 
These were then interpreted to infer seismic 
moment, source dimension, and stress drop using 
formulas given by Brune [1970, 1971]. The 
results suggested a wide range in stress drops, 
with an upper limit of about 200 bars, and many 
cases of stress drop less than 1 bar. A number 
of the larger events (M = 3.5-4) apparently had 
two corner frequencies, one between 0.1 and 
1 Hz, below which the spectra were approximately 
constant, and another between 3 and 10 Hz, above 
which spectra were proportional to about m-2 to 
m-3. It was suggested that for these larger 
events with two corner frequencies, a two-stage 
rupture process may have occurred, an initial 
sharp high stress drop followed by a more slowly 
growing rupture. Similar results were found by 
Hartzell and Brune [1977] for earthquakes 
occurring in the Brawley swarm of January 1975. 
We will not discuss these results further in 

this paper but will use the experimental data to 
investigate the method of determining corner 
frequencies and the relationship of corner 
frequency to source dimension and hence stress 
drop. All the experimental seismograms and 
spectra are taken from Tucker and Brune [1973] 
using their numbering. The horizontal arrow 
under each seismogram indicates the time window 
for the Fourier transform used to obtain the 

spectra (Figures 2-4). 

Madariaga' s Theoretical Model Results 
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U.S. Geological Survey, 345 Middlefield Road, 

Menlo Park, California 94025 

Copyright 1979 by the American Geophysical Union. 

Madariaga [1976, 1977] used a numerical finite 
difference method to compute the dislocation rate 
on a growing circular fault which stopped at a 
certain radius r (in a full space). With the 
slip velocity and the far-field representation 
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Fig. 1. Theoretical far-field spectrum of 
Madariaga at an angle of 60 ø from the normal to 
a circular fault in a full space. The two high- 
frequency asymptotes define two corner 
frequencies, M and B. The corner frequency 
marked B yields a K value very close to the K 
value for the Brune model. 

integral, Madariaga computed the far-field 
spectra at different azimuths. For these 
results he obtained an average spectrum for a 
rupture velocity of 0.98 at an angle of 60 ø from 

the normal to the fault•(Figure 1). For this 
spectrum, he drew a low-frequency asymptote and 
a higher-frequency asymptote to determine the 
corner frequency fc (indicated by M in Figure 1). 
From fc he determined K-- fcr/8 = 0.21, where 
r is the fault radius and 8 the shear wave 

velocity. This value of K is considerably lower 
than the value of K for the Brune model, 
K = 0.37. Since the formula for determining 
stress drop from corner frequency depends on the 
third power of corner frequency, Madariaga's 
relationship implies a stress drop 5.47 times 
higher than Brune's. This would mean that for 
the San Fernando aftershocks the estimated upper 
bound on stress drops would be closer to 1 kbar 
than to 200 bars as inferred by Tucker and Brune. 
Since the values of stress drop determined from 
earthquakes have played a considerable role in 
recent discussions about earthquake source 
mechanisms, this uncertainty is important, and 
hence we wish to investigate further the inter- 
pretation of earthquake corner frequencies. 

In a second paper, Madariaga [1977] also 
calculated a •igh-frequency asymptote which, if 
used to infer corner frequency, gave a value for 
K of 0.40 (indicated by B in Figu•re 1). If this 
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Fig. 2. Comparison between the theoretical Madariaga spectrum (top, taken from Figure 
1) and a number of the Tucker and Brune spectra for aftershocks of the San Fernando 
earthquake plotted on the same scale. Spectra have been adjusted horizontally to line 
up spectral corners. 
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Comparison with San Fernando aftershocks 
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Fig. 3. Comparison between the far-field spectrum at 60 ø for a rectangular fault, 
aspect ratio of 5 and unilateral rupture propagation, with selected spectra of San 
Fernando aftershocks. 

value of K were used, nearly the same values of 
stress drop as found by Tucker and Brune would 
be obtained. 

It appears that the method of picking corner 
frequencies and, in particular, the weight put 
on high frequencies, is important. This is 
particularly true in the case of numerical 
modeling, since it is difficult and costly to 
adequately represent frequencies much above a 
factor of 2 or 3 times the corner frequency. 
This is why Madariaga had to use other techniques 
to estimate the higher-frequency asymptote. At 
this point it is necessary to decide whether the 
method of picking corner frequencies used by 
Madariaga is consistent with that used by Tucker 
and Brune. 

Comparison of the Tucker and Brune Experimental 
Spectra with the Madariaga Theoretical Spectra 

In order to compare the theoretical and 
experimental spectra, we have plotted the 

Madariaga spectrum and a number of Tucker and 
Brune spectra on the same scale (Figure 2). 
Comparison with the more than 100 spectra pre- 
sented by Tucker and Brune shows that one of the 
characteristics of the Madariaga spectrum is a 
more flattened corner than observed for most of 

the Tucker and Brune spectra. Figure 2 was 
purposely selected to show examples of some of 
the Tucker and Brune spectra which have this 
character, i.e., a flattened corner or missing 
energy near the corner frequency (top three 
spectra in Figure 2). Most of the Tucker and 
Brune spectra have sharper corners, like the 
bottom two examples in Figure 2, and hence there 
is little uncertainty in determining a corner 
frequency. Because of the difference in shape 
between the Madariaga spectrum and most of the 
Tucker and Brune spectra, there is some doubt 
about the growing and stopping circular crack 
as a model for the San Fernando aftershocks. 

The dashed lines in Figure 2 show the 
asymptotes used to infer corner frequencies by 
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Comparison with San Fernando aftershocks 
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Fig. 4. Comparison between the far-field spectrum at 60 ø for a rectangular fault, 
aspect ratio of 4 and bilateral rupture propagation, with selected spectra of San 
Fernando aftershocks. 

Tucker and Brune, and these can be compared with 
the asymptotes used by Madariaga to interpret the 
theoretical spectra as shown in the upper part of 
Figure 2. It is immediately obvious that the 
corner frequency picked by Madariaga, indicated 
by an M in the upper theoretical spectrum, is 
considerably lower than would have been picked 
by Tucker and Brune, whereas the corner fre- 
quency determined from the high-frequency 
asymptote of Madariaga, indicated by B, 
corresponds nearly exactly with the corner 
frequency as determined by Tucker and Brune. 

Since the Madariaga high-frequency asymptote 
gives a corner frequency to fault radius 
relationship almost identical to that used by 
Tucker and Brune (K = 0.40 versus K = 0.37), it 
is evident that the interpretation of stress 
drops by Tucker and Brune is in accordance with 
the theoretical spectra of Madariaga. The 

further question of why the shape of most of 
the Tucker and Brune spectra are different from 
the shape of the Madariaga spectra is left 
unanswered. Some recent results pertinent to 
this are discussed in the next section. 

New Results for Far-Field Pulse Shapes and 
Spectra Based on Finite Element 

Models of Fault Rupture 

Archuleta and Frazier [1978] have presented 
results for finite element models of faulting 
based on stress relaxation. The resulting time 
functions for fault slip at various points on 
the fault can be used to compute the far-field 
radiation. Half space Green's functions, 
computed using a program of Johnson [1974], for 
each point on the fault surface, are convolved 
with the slip functions on the fault and summed 
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to give the complete far-field pulse [Hartzell 
et al., 1978, Hartzell, 1978]. 

The following are the far-field SH pulses 
observed on the surface of an elastic half space 
for four different fault models: (1) a semi- 
circular fault in which rupture initiation begins 
at the surface (r = O) and propagates radially to 
a specified fault radius, with 10 elements on a 
radius, (2) a semicircular fault in which rupture 
initiation begins at the deepest point on the 
fault and symmetrically propagates over the 
semicircle, breaking out at the surface, also 
with 10 elements on a radius, (3) a rectangular 
fault 3 elements deep and 15 elements long in 
which rupture propagation proceeds unilaterally 
from one end to the other, and (4) a rectangular 
fault 5 elements deep and 20 elements long in 
which rupture proceeds bilaterally from the 
center to both ends. 

A rupture velocity of 0.98 is used for each 
of the four fault models above. Results for the 

far-field time functions (azimuthal component) 
are shown in Figures 5a and 5b, and the corres- 
ponding spectra (S phase only) at the bottom of 
Figures 3 and 4 and in Figures 6 through 9. All 
of the numerical results shown here are for 

surface observations, with the azimuthal angle 
relative to the normal to the fault as a 
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Fig. 5m Far-field surface displacements, trans- 
verse component, for two semicircular faults in 
a homogeneous half space. Displacements are 
calculated by convolving the slip velocities on 
the fault from a numerical stress relaxation 

problem with the Green's functions for a half 
space. The azimuth of each trace is measured 
from the normal to the fault. 
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Fig. 5b. Far-field surfac.e displacements, 
transverse component, for two rectangular faults 
in a homogeneous half space. Method of 
calculation is the same as in Figure 5a. 

variable. Interpreted corner frequencies are 
indicated by the intersecting asymptotes drawn 
on the spectra. 

For each fault model, the points of observa- 
tion are at a constant radial distance R from 

the center of the fault. R is equal to 10r 
o 

for both semicircular faults, 5• for the 
bilateral rupture, and 6.6g forøthe unilateral 
rupture. Here r o is the radius of the 
semicircular faults, and •o is the length of the 
corresponding rectangular fault. The azimuth of 
the point of observation is measured from the 
normal to the fault. In the case of the rec- 

tangular unilateral rupture, the time function 
at 90 ø is in the direction of rupture propagation. 
The far-field time functions are plotted in 
dimensionless format (Figures 5a and 5b), where 
the dimensionless displacement is given by 
uHlO3/or_ for the semicircular faults and 
uH103/o•% for the rectangular faults. Here u is 
the displacement, V the rigidity, and • the 
effective stress. 

Because of the finite grid size, frequencies 
greater than 2 Hz are not accurately synthesized 
[Archuleta and Frazier, 1978], and this must be 
taken into account in interpreting corner 
frequencies and pulse shapes. Archuleta and 
Frazier [1978] have shown that their results have 
somewhat better frequency range than the results 
of Madariaga. In most cases the frequency range 
was sufficient to establish the true corner 

frequency with confidence. To assure objectivity 
in picking corner frequencies, both Brune and 
Archuleta independently picked the corner 
frequencies without knowledge of the other's 
picks. In nearly all cases the picked corner 
frequencies agreed within 20%. Since Brune was 
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Circular Fault are normal to the fault. The pulse width is 
controlled primarily by the difference in travel 

Rupture Initiotio. the Surfoce times from different points on the fault surface. 
The rise time is related to focusing caused by 
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Fig. 6. Displacement amplitude spectra for the 
far-field seismic pulses pictured at the top of 
Figure 5a. The azimuth e is measured from the 
normal to the fault. The intersections of the 

indicated low and high frequency asymptotes were 
used to define the corner frequencies, which in 
turn yield the K values plotted in Figure 10. 

one of the investigators picking corner 
frequencies in the Tucker and Brune experimental 
study, there is some assurance that corner 
frequencies determined there were determined in 
the same manner as in this study. As a compari- 
son with observed spectra, some of the results 
for the rectangular faults are shown along with 
representative spectra of San Fernando after- 
shocks, chosen to show similar features, in 
Figures 3 and 4. 

Study of the time functions and spectra shows 
a range of pulse durations and a corresponding 
range of corner frequencies (inverse propor- 
tionality) depending primarily on the azimuth 
between the direction of rupture propagation 
and the direction of observation. For bilateral 

ruptures, the pulse widths are narrower normal 
to the fault than they are in the direction of 
rupture; however, the rise times are shorter in 
the direction of rupture propagation than they 

directivity and an increase in the slip velocity 
in the direction of rupture propagation. In the 
propagating stress relaxation models of Archuleta 
and Frazier [1978] the slip velocity increases in 
amplitude in the direction of propagation. Thus, 
in addition to the common firectivity effect 
[Ben-Menahem, 1961] due to a moving source, we 
have the effect of increasing slip velocity in 
the direction of rupture. The combined effect is 
strong focusing of energy in the direction of 
rupture propagation. It is this combined effect 
which leads to the shorter rise times in the 

direction of rupture propagation. This focusing 
has also been observed in a laboratory model of 
propagating stress relaxation [Archuleta and Brune, 
1975; Archuleta, 1976, Hartzell, 1978]. For 
unilateral ruptures, both the pulse width and the 
rise time decrease as one moves from normal to the 

fault to in line with the direction of rupture 
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Fig. 7. Displacement amplitude spectra for the 
far-field seismic pulses pictured at the bottom 
of Figure 5a. Details are same as Figure 6. 
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propagation. Short rise times and narrow pulse 
widths increase the high-frequency content and 
yield higher corner frequencies and ].arger values 
of K. In the direction away from the rupture 
propagation, for a unilateral rupture, both the 
pulse width and the rise time are greater, leading 
to lower values of K. In Figure 10 we show the 
value of K = f_D/g as a function of azimuth for 
our fault mode•s and those of Savage and Madariaga. 
We have also reinterpreted the corner frequencies 
for the Madariaga spectra using the considerations 
outlined in the first part of this paper, and 
these are shown as M in Figure 10. This figure 
can be used as an aid in interpreting 
experimental data. 

Since for a given fault the corner frequency 
and, consequently, the relationship between 
corner frequency and source dimension, are 
strong functions of azimuth, or position on the 
focal sphere, it is desirable to know the fault 
orientation and direction of rupture propagation 
before interpreting the spectra and time 
functions in terms of fault parameters such as 
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Fig. 8. Displacement amplitude spectra for the [1970, 1971], which corresponds to the corner 
far-field seismic pulses pictured at the top of f'requency for a spectrum which, if constant over 
Figure 5b. Details are same as Figure 6. the fault sphere, would, at high frequencies, 
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Fig. 9. Displacement amplitude spectra for the 
far-field seismic pulses pictured at the bottom 
of Figure 5b. Details are same as Figure 6. 

fault dimension, moment, and-stress drop. How- 
ever, in many cases, especially for small 
earthquakes, this is not possible, and hence it 
is helpful to have some approximate relationship 
between corner frequency and fault dimension. 
Besides Brune and Madariaga, Savage [1972, 1974], 
Randall [1973], and Dahlen [1974] have also 
obtained such relationships. To summarize the 
results of various models, we have shown in 
Table 1 the values of K for 8 = 60 ø , or in some 
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Fig. 10. Summary of the variation in K values with azimuth for far-field S-waves from 
this study and from other authors. The azimuth 0 is measured from the normal to the 
fault. The rupture velocity is 0.98 for all models, except the Brune model, which is 
an instantaneous rupture, and the Dahlen minimum line, which corresponds to a rupture 
velocity equal to 8. An M is used to indicate the reinterpreted corner frequency for 
the Madariaga spectra, chosen consistently with the Tucker and Brune method of picking 
corner frequencies. 

give the same total energy radiation as the 
actual variable spectrum. However, the values 
of K determined in the various ways should be 
roughly comparable. The values for K in Table 1 
range from 0.13 to 0.49. The low value of 0.13 
corresponds to a bilateral rupture, and the 
corresponding spectrum (Figure 4, bottom) has a 

broad intermediate slope proportional approxi- 
mately to m-1. At other azimuths the bilateral 
rupture produces values of K near 0.3, Figure 10. 
This spectrum. is quite different from most of the 
other spectra and from most of the spectra 
observed by Tucker and Brune. However, some of 
the Tucker and Brune spectra did show such a 
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TABLE 1. K Values (= fc/(8/D)) for Far-Field 
S-Wave, 8 = 60 ø, v = 0.98 

Source K Value 

Semicircular Faults in a Half Space, D = r 
o 

This study 

Origin (0, 0, 0) 0.26 

Origin (0, ro, 0) 0.29 

Rectangular Faults, D = W 

This study: half space 

L = 4W bilateral 0.13 

L = 5W unilateral 0.32 

Savage [1972, 1974] (Haskell [1964]): full space 

L -• W bilateral 0.32 

L >> W bilateral 

recording an earthquake, K could possibly range 
between 0.15 and 0.5, i.e., K = 1/3 + (0.5)(1/3). 
A 50% error in K corresponds to an error in 
inferred stress drops of a factor of 3.3. This 
factor is consistent with the variation in stress 

drops computed by Tucker and Brune between two 
different stations for the San Fernando 

aftershocks. 

Circu•lar Faults in a Full Space, D = r 
o 

Madariaga [1976, 1977] 

Finite difference spectrum 

High-frequency asymptote 

.Dahlen [1974] 0.45 

Brune [1970, 1971] (v = •o) 0.37* 

Randall [1973]; Archambeau [1968] (v = •) 0.42* 

Dislocation Models 

Molnar et aZ. [1973] (8 = 55 ø ) 

Savage [1972, 1974] 

Average values 

broad m-1 region and as would be expected gave 
low stress drops when interpreted using a K 
value of 0.37. Considering the rest of the 
results, this low value can be considered to a 
certain extent anomalous. 

Although the results of Table 1 are derived 
from a variety of different earthquake models, 
an average value of K for ruptures with v = 0.98 
is 0.32. If the models of Brune [1970, 1971] and 
Randall [1973] (v = 8) are included, then K 
becomes 0.33. In view of the many uncertainties 
in relating theoretical models to actual earth- 
quakes, a reasonable average value of K is 1/3. 
It must be noted that for a given station 

Scattering and Corner Frequency 

Dahlen [1974], observing that the ratio of 
corner frequencies of P-waves and S-waves 
observed by Molnar et aZ. [1973] was inconsistent 
with a source mechanism theory he had developed, 
suggested that the observed corner frequencies 
may have been seriously perturbed by scattering. 
A small amount of scattered energy arriving 
slightly after the S-wave would not cause a 
frequency shift in the spectrum, since the 
reflected pulses would have nearly the same 
spectrum as the direct energy. The existence of 
a certain amount of scattering is one of the main 
reasons for using the spectrum rather than the 
direct time function - the time function can be 

seriously distorted by scattering without 
seriously affecting the amplitude spectrum (which 
is based on the modulus of the Fourier transform 

and not the phase). In order for scattering to 
0.29 affect the corner frequencies seriously, a 

significant fraction of the energy would have to 
be scattered to travel p•ths that cause the 
scattered energy to arrive considerably later 
than the main energy. This would imply that the 
•-wave pulse would be considerably distorted or 
complicated. Thus, in a qualitative way we can 
estimate the importance of scattering by looking 0.21 
at pulse shapes. A large number of seismograms 
of aftershocks of the San Fernando earthquake 0.40 
published by Tucker and Brune [1973] can be used 
for this purpose. 

Perusal of the seismograms of the San Fernando 
aftershocks immediately reveals a wide range of 
apparent pulse shapes, ranging from simple pulses 
of about 0.1-s duration, with little scattered 
energy, to very complex looking signals of a 
second or more duration. Figure 11 presents a 
selection of seismograms with simple pulse 
shapes. A curious thing is observed by comparing 
these seismograms with the more complex seismo- 

0.32 grams (e.g., 87 and 57 in Figure 2; 138 in 
Figure 3; 129 and 130 in Figure 4). Seismograms 

0.49 (•1) with simple S-waves generally have low P-wave 
amplitudes relative to the S-wave, while the 
seismograms with complex looking S-waves 
generally have high P-wave amplitudes relative 
to the S-waves (all the seismograms presented by 
Tucker and Brune were normalized to the same 

peak amplitude for plotting purposes; they 
actually represent a wide range in magnitude). 

The obvious explanation for this phenomenon 
is that it is an effect of radiation pattern 
[Tucker and Brune, 1977]. Near a node for S- 

waves there will tend to be an antinode for 

P-waves (relatively high P-wave amplitudes), 
whereas S-waves will appear complex because 
scattered energy will be large relative to the 
main S-wave energy. On the other hand, near an 
antinode for S-waves, the P-wave will tend to be 
small, and the S-wave will appear simple because 
it will stand out from the smaller scattered 
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Fig. 11. Aftershocks of the San Fernando earthquake with simple S-waves, suggesting 
little scattering of energy. Figure 2, events 87 and 57, illustrate more complex 
seismograms. 

energy. If we accept this explanation, we can 
estimate the amount of scattering by observing 
the time functions of the simpler events. 
Figure 12 shows two simple time functions 
constructed as examples of predicted S-wave 
pulses when no scattering is present. These are 
compared with two of the simple observed pulse 
shapes. The theoretical pulses were 
diagramatically constructed so as to correspond 
to a simple smooth spectrum with the same corner 
frequency as determined experimentally, with a 

time function similar to the theoretical pulse 
used by Brune [1970], as seen through a simple 
velocity transducer of the type used by Tucker 
and Brune [1977]. For the purposes of determining 
the approximate amount of scattered energy, it is 
not important whether or not this pulse is 
exactly correct; we are interested in the amount 
of late arriving scattered energy relative to the 
main pulse. As can be seen from the seismograms 
in this figure, when the S-pulse is simple, the 
scattered late arriving energy ismquite small 
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Fig. 12. Comparison of two simple observed 
records of San Fernando aftershocks and 

theoretical S-wave pulses diagramatically 
constructed for the case when no scattering 
is present. 

relative to the main energy, probably not enough 
to affect the inferred corner frequencies 
seriously. The effect of scattering could be 
more serious for the more complex looking 
seismograms. However, study of the results of 
Tucker and Brune does not indicate any obvious 
correlation of stress drop with complexity, 
suggesting that, as expected, the scattered 
energy has about the same spectrum as the direct 
energy. Further evidence of this is the fact 
that in a number of trials to determine the 

effect of record length on the shape of the 
spectrum, Tucker and Brune found very little 
effect, i.e., adding more or less of the S-wave 
coda, presumably scattered energy, had little 
effect on the spectrum shape. We conclude that 
at least for the San Fernando aftershocks studied 

by Tucker and Brune, scattering did not seriously 
affect the observed spectra. Other effects such 
as variation in source parameters, source 
complexity, and direction of rupture propagation 
were probably more important in causing the 
variations in spectral shape (and inferred stress 
drop) observed by Tucker and Brune. 
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